We present full expressions for the surface part of polarization tensor of a Dirac fermion confined in a half-space in 3 + 1 dimensions. We compare this tensor to the polarization tensor of eventual surface mode (which is a 2 + 1 dimensional Dirac fermion) and find essential differences in the conductivities in both Hall and normal sectors. Thus, the interaction with electromagnetic field near the boundary differs significantly in the full model and in the effective theory for the surface mode.
INTRODUCTION
Modern interest to the physics of Dirac fermions occupying a bounded region in space is mostly related to new advanced materials, such as topological insulators (TIs) -see reviews [1, 2] and a monograph [3] . A lot of exciting physics of TIs is due to the presence of surface modes, that are also Dirac fermions though in one dimension less. Suppose that the Dirac fermion in a 3 + 1 dimensional manifold has certain number of surface modes. Do we really see these modes by looking at the boundary? The interaction with photons is defined by the polarization tensor of fermions. Hence, we can rephrase the question as: What is the relation between the boundary part of the polarization tensor in 3 + 1 dimensions and the polarization tensor of 2 + 1 dimensional fermions? It is common to assume that the latter at least gives a good approximation to the former, see e.g. [4] [5] [6] .
The Dirac cones of surface modes of TIs are clearly seen with the spin-resolved ARPES methods [7] [8] [9] . These cones are distorted as compared to the ideal case. However, such distortions can be taken into account by adding suitable correction terms to the Dirac Hamiltonian of surface modes [4, 5] .
There is also another issue that has not received sufficient attention in the literature. The surface conductivity or the polarization tensor need not coincide with the conductivity or the polarization tensor computed in the effective 2 + 1 dimensional theory. In fact, these two conductivities may be very different, so that one cannot be considered as a reasonable approximation to the other.
The purpose of this work is to compare the polarization tensors (conductivities) in a model, which admits a complete analytic solution. We take the model as in [10] with the Lagrangian L 3+1 =ψ / Dψ,
Here and in what follows tilde over a vector means rescaling of all spatial components with the Fermi ve-
. A µ is the electromagnetic potential. We shall mostly work in the units c = 1 = . Let us assume that the fermions propagate in a half-space x 1 > 0 satisfying the bag boundary conditions [11]
The bulk states have a mass gap m = m 2 + m 2 5 . For m < 0 there is also a boundary mode with the wave function decaying as e mx 1 /v F and satisfying the (2 + 1) dimensional Dirac equation with respect to the coordinates x 0 , x 2 and x 3 with the same Fermi velocity v F and with the mass given by m 5 . It is important to realize that besides of giving a mass to the surface state m 5 is also essential for renormalization. The Pauli-Villars (PV) regulator fields must have axial masses to regularize the singularities in the polarization operator [10] .
Note, that one may flip the sign in front of iγ 1 in (2) and obtain another set of admissible boundary conditions. As a result, one should change svereal signs in the effective action below. In particular, the sign in (10) has to be reversed.
The interaction of electromagnetic field with the material is defined by the (one-loop) quantum effective active action of fermions, S eff (A) = −i det( / D(A)), which we truncate to the quadratic order in A (since it is enough to describe most of the important physics). It is convenient to split the effective action as S eff = S bulk + S odd + S even . The first term
depends on the kernel P µνρσ (x, y) which is exactly the same as in the theory without boundaries (though the integration in (3) runs over the half-space). The terms S odd and S even appear due to the boundary. To obtain S odd (respectively, S even ) one has to collect the terms containing odd (respectively, even) number of γ-matrices in corresponding Feynman diagrams. As we shall see be-low, S odd describes the Hall conductivity, while S even describes the normal one. The corresponding polarization tensors are defined as usual,
where the kernels Π odd/even decay rapidly away from the boundary. We impose the axial gauge conditions A 1 = 0. The electronic properties of the boundary may be described by the boundary polarization tensor Π which is obtained from Π by integrating over the normal coordinates,
where {i, j, k} = {0, 2, 3}. We pass to the momentum representation of the polarization tensors
This makes physical properties of these objects much more transparent.
In [10] the renormalized expressions for both Π odd and Π even were obtained in the coordinate representation. In the same representation an expression for the integrated kernel Π odd was also presented. The main technical advance of the present article is the Fourier transformed expressions for both integrated kernels (see the form factors (8), (12) and (13)).
HALL CONDUCTIVITY
The Π odd part of the polarization tensor can be expressed through a form factor Φ, see eq. (8), as
where α ≡ e 2 /(4π) and
where
is the form factor for the polarization tensor in 2 + 1 dimensions. This means, that the polarization tensor of a 2 + 1 dimensional Dirac fermion can be obtained by replacing Φ by Φ 3 in (7). The form factor (8) has been obtained by making a Fourier transform in the coordinate space expression [10, Eq. (74)].
The expression (8) is quite simple and may be evaluated at least numerically for all values of the parameters. The most interesting information is encoded in Φ(0) = −(1/π)arctan(m/m 5 ). The corresponding surface Hall conductivity reads
(Here we restored the dependence on Planck constant h.) This result is fully consistent with the computations of boundary parity anomaly [12] and with a singular limit of the fractional fermion charge of domain walls [13] . In the case of a small surface mass gap, |m 5 | |m|, we have σ H = −(e 2 /4h)sgn(m 5 ) sgn(m). This is ±1/2 the value of Hall conductivity for a massless 2 + 1 dimensional Dirac fermion. (The latter one is essentially defined by the parity anomaly [14] [15] [16] .) This 1/2, strange as it seems, nevertheless passes the following simple test [12] . Consider a single Dirac fermion in a slab 0 ≤ x 1 ≤ l in 3 + 1 dimensions. This field can be represented as an infinite tower of 2 + 1 dimensional modes with masses depending on l. In the limit l → 0 all modes may become infinitely massive, or a one mode may remain massless, depending on the boundary conditions at two sides of the slab. Also depending on the boundary conditions, the Hall conductivities on opposite sides of the slab may either add up or compensate each other. One can show [12] that the Hall conductivities add up precisely if there is a massless mode in the l → 0 limit. The conductivities cancel against each other in the opposite case. We stress that these arguments rely on the fact that in the gapless case the Hall conductivity is defined through the parity anomaly which is local. Thus the conductivities on the boundaries do not depend on the distance between them.
The bulk time-reversal (TR) invariance is violated in the model considered here explicitly by the presence of m 5 and implicitly by axial masses of the PV regulator fields. Hence the restrictions on the boundary Hall conductivity derived in [17] for the theories with TR invariance in the bulk do not apply here even at the point m 5 = 0. Let us stress, that in the presence of boundaries the PV regulators must have axial masses [10] .
NORMAL CONDUCTIVITY
The "even" part of polarization tensor reads
It is convenient to subdivide the form factor as Ψ = Ψ mirr + Ψ rest with
To get (12) and (13) we have integrated the polarization tensor from [10] over the normal coordinates and performed the Fourier transform in the tangential directions. The parity-even part of polarization tensor for a Dirac fermion in 2 + 1 dimensions is obtained if one substitutes Ψ 3 instead of Ψ in (11) .
The contribution corresponding Ψ mirr is obtained by replacing the kernel P µνρσ (x, y) in (3) (without renormalization terms) by its "mirror image", see [10] for details. This form factor depends on the total bulk mass m rather than on m and m 5 separately. All other contributions are collected in Ψ rest . The characteristic feature of Ψ rest is that it vanishes at m = 0.
It is instructive to go to the case m 5 = 0 with gapless boundary modes and compare the form factors Ψ and Ψ 3 . For m 5 = 0 one easily computes Ψ 3 (ω) = −iωπ/4 (which corresponds to the universal DC conductivity of 2 + 1 dimensional Dirac fermions σ DC = e 2 /(8h)). As we see on Fig. 1 , for small frequencies ω < 2|m| the behaviour of the fraction R(ω) = Ψ even (ω)/Ψ 3 (ω) (15) corresponds to the expectations. For negative m (when there is a surface mode) the real part of surface conductivity corresponds to that of a single Dirac field in 2 + 1 dimensions, while for m > 0 (when there are no boundary modes) the real part of surface conductivity vanishes. In this region, Ψ rest dominates over Ψ mirr . Near ω = 2|m| there are singularities of R -a jump in the real part and a log singularity in the imaginary part. The structure of these singularities is typical for two point functions in quantum field theory at ω twice the mass gap. Here, this is the mass gap in the bulk rather than on the boundary. However, since Ψ is constructed form the same blocks as the bulk polarization tensor (which is most obvious for the mirror contribution, but is also true for Ψ rest ), the appearance of singularities at 2|m| is quite natural. At large frequencies, Ψ rest becomes negligible. Thus, R is For a non-zero but small m 5 the behaviour of R(ω) remains qualitatively the same. Although both Ψ rest and Ψ 3 develop singularities at ω = 2|m 5 |, the real part R(ω) remains near 1 for m < 0 (respectively, near 0 for m > 0) and reasonably small frequencies.
CONCLUSIONS
The main technical result of this work is the expressions (8), (12) and (13) for the boundary form factors. We did not report here any details of the computations (which we hope to do somewhere else), but instead we concentrated on discussing the properties of surface conductivities.
Let us summarize our findings on the comparison of effective surface conductivities with conductivities of 2 + 1 dimensional fermions. The boundary Hall conductivity (10) exhibits a strong dependence on the bulk mass gap which cannot occur in the effective 2 + 1 dimensional theory. For a small surface gap |m 5 | |m|, the Hall conductivity depends on m only through sgn(m), but has quarter-integer values instead of more common halfinteger ones. The parity-even part of boundary polariza-tion tensor at small frequencies, ω < 2|m|, reproduces the polarization tensor for right number of 2 + 1 dimensional surface states. However, around ω ∼ 2|m| the form factor develops singularities that are absent in the effective boundary theory. For ω 2|m| this form factor goes to a universal asymptotics which does not depend on whether the theory has or has not a surface state for this particular sign of m.
TIs and other Dirac materials usually contain in the continuous limit something more than just a single Dirac fermion. Thus, what we shall see will be a combined effect of several polarization tensors (as described here) with various parameters. A famous example of this effect is graphene [18] . However, even in combined expressions one shall see considerable deviations from the naive picture based on the conductivity of surface states. The surface conductance of TIs is hard to measure due to first of all the residual bulk carrier density. However, the new advanced techniques [19, 20] make the prospects of precision measurement of the surface conductance together with experimental verification of our results quite realistic.
Another place where our results will be useful is the computations of Casimir interaction between Dirac materials (see recent papers [21] [22] [23] [24] and references therein), which are motivated by the exciting possibility to get a repulsive Casimir force. Note, that since the Casimir force is given by a momentum integral, it is important to have expressions for the polarization tensor at all frequencies, as we gave here.
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